Solving Knuth-Bendix Ordering Constraints

Konstantin Korovin and Andrei Voronkov

Department of Computer Science University of Manchester

{korovin|voronkov}@cs.man.ac.uk

We consider term algebras with simplification orders (which are monotonic, and well-founded). Solving constraints (quantifier-free formulas) in term algebras with this kind of orders has several important applications like pruning search space in automated deduction and proving termination of term rewriting systems. Two kinds of orders are normally used in automated deduction: the Knuth-Bendix order and various versions of recursive path orders. The Knuth-Bendix order is used in the state-of-the-art theorem provers, for example, E [12], SPASS [13], Vampire [11], and Waldmeister [3]. There is extensive literature on solving recursive path ordering constraints (e.g., [1,4,9,10]). The decidability of Knuth-Bendix ordering constraints was proved only recently in [6]. The algorithm described in that paper shows that the problem belongs to 2-NEXPTIME. It was also shown that the problem is NPhard by reduction of the solvability of systems of linear Diophantine equations to the solvability of the Knuth-Bendix ordering constraints.

In our recent work we show that the existential theory of any term algebra with the Knuth-Bendix order is NP-complete [7]. Another question we consider is solvability of constraints consisting of a single inequality. For the lexicographic path orders this problem was shown to be NP-complete [2]. We show that solvability of the Knuth-Bendix ordering constraints consisting of a single inequality can be done in polynomial time. This algorithm can be consider as a part of a more complex algorithm for so called orientability problem: given a system of term rewrite rules decide whether there exists a Knuth-Bendix order which orients this system. We present a polynomial algorithm for the orientability problem for the Knuth-Bendix order [8].

Let us formulate our results more formally. We consider term algebras in a finite signature Σ with at least one constant, denoted TA(Σ). Let us now define Knuth- Bendix order on TA(Σ) [5]. The definition of Knuth-Bendix order is parametrized by a weight function on Σ, i.e., a function w : Σ → N, and a linear order ≫ on Σ. We require from the weight function the following: if w(f) = 0 and f is unary, then f must be the greatest w.r.t. ≫ in Σ, and weights of constants are positive. We define the weight of a ground term as a sum of weights of functors occurring in the term. Given a weight function w and a linear order ≫ on Σ, the Knuth- Bendix order on TA(Σ) is a binary relation ≻ defined as follows. For any ground terms t = g(t_1, . . . , t_n) and s = h(s_1, . . . , s_k) we have t ≻ s if one of the following conditions holds: 1. w(t) > w(s);

Solving Knuth-Bendix Ordering Constraints 33

2. w(t) = w(s) and g ≫ h;

3. w(t) = w(s), g = h and for some 1 ≤ i ≤ n we have t_1 = s_1, . . . , t_{i−1} = s_{i−1} and t_i ≻ s_i.

Theorem 1. The existential first-order theory of any term algebra with the Knuth- Bendix order is NP-complete.

Let us sketch some steps of our proof, for full details see [7]. To prove the theorem we first extend our term algebra with the natural numbers with addition and the weight function on terms. We show how to transform arbitrary quantifierfree formula into an equivalent disjunction of conjunctions such that all occurring terms in the formula are variables. Then we introduce formulas which express that there exists at least n terms of the weight x, where n is a fixed parameter and show how to write them as linear Diophantine equations on weights of terms. Using obtained formulas we transform initial formula into an equivalent constraint which consists of linear Diophantine equations on weights of terms. Then we show that satisfiability of that constraint is equivalent to satisfiability of the systems of linear Diophantine equations over the natural numbers.

Our next theorem is about solving constraints consisting of a single inequality.

Theorem 2. There exists a polynomial time algorithm for solving Knuth-Bendix ordering constraints consisting of a single inequality.

For a proof see [8]. Also in that paper was presented a polynomial time algorithm for the orientability problem.

Theorem 3. The problem of the existence of a Knuth-Bendix order which orients a given rewrite rule systems can be solved in polynomial time.

References

1. H. Comon. Solving symbolic ordering constraints. International Journal of Foundations of Computer Science, 1(4):387–411, 1990.

2. H. Comon and R. Treinen. Ordering constraints on trees. In S. Tison, editor, Trees in Algebra and Programming: CAAP’94, volume 787 of Lecture Notes in Computer Science, pages 1–14. Springer Verlag, 1994.

3. Th. Hillenbrand, A. Buch, R. Vogt, and B. Löchner. Waldmeister: High-performance equational deduction. Journal of Automated Reasoning, 18(2):265–270, 1997.

4. J.-P. Jouannaud and M. Okada. Satisfiability of systems of ordinal notations with the subterm property is decidable. In J.L. Albert, B. Monien, and M. Rodríguez- Artalejo, editors, Automata, Languages and Programming, 18th International Colloquium, ICALP’91, volume 510 of Lecture Notes in Computer Science, pages 455–468, Madrid, Spain, 1991. Springer Verlag.

5. D. Knuth and P. Bendix. Simple word problems in universal algebras. In J. Leech, editor, Computational Problems in Abstract Algebra, pages 263–297. Pergamon Press, Oxford, 1970.

34 Konstantin Korovin and Andrei Voronkov

6. K. Korovin and A. Voronkov. A decision procedure for the existential theory of term algebras with the Knuth-Bendix ordering. In Proc. 15th Annual IEEE Symp. on Logic in Computer Science, pages 291–302, Santa Barbara, California, June 2000.

7. K. Korovin and A. Voronkov. Knuth-Bendix constraint solving is NP-complete.

Preprint CSPP-8, Department of Computer Science, University of Manchester, February 2000. to appear in ICALP’2001.

8. K. Korovin and A. Voronkov. Verifying orientability of rewrite rules using the Knuth- Bendix order. Preprint CSPP-11, Department of Computer Science, University of Manchester, March 2001. to appear in RTA’2001.

9. P. Narendran, M. Rusinowitch, and R. Verma. RPO constraint solving is in NP.

In G. Gottlob, E. Grandjean, and K. Seyr, editors, Computer Science Logic, 12th International Workshop, CSL’98, volume 1584 of Lecture Notes in Computer Science, pages 385–398. Springer Verlag, 1999.

10. R. Nieuwenhuis. Simple LPO constraint solving methods. Information Processing Letters, 47:65–69, 1993.

11. A. Riazanov and A. Voronkov. Vampire. In H. Ganzinger, editor, Automated Deduction—CADE-16. 16th International Conference on Automated Deduction, Lecture Notes in Artificial Intelligence, pages 292–296, Trento, Italy, July 1999.

12. S. Schulz. System abstract: E 0.3. In H. Ganzinger, editor, Automated Deduction— CADE-16. 16th International Conference on Automated Deduction, Lecture Notes in Artificial Intelligence, pages 297–301, Trento, Italy, July 1999.

13. C. Weidenbach, B. Afshordel, U. Brahm, C. Cohrs, T. Engel, E. Keen, C. Theobalt, and D. Topic. System description: Spass version 1.0.0. In H. Ganzinger, editor, Automated Deduction—CADE-16. 16th International Conference on Automated Deduction, volume 1632 of Lecture Notes in Artificial Intelligence, pages 378–382, Trento, Italy, July 1999.